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CNJ ■ Abstract. We prove an integral version of the classical Albert-Brauer-Hasse-Noether the- 

(^ , orem regarding quaternion algebras over number fields. Let K he a number field with ring 

QJ ■ of integers Ok, and let 21 be a quaternion algebra over K satisfying the Eichler condition. 

Ph . Let Jl be a commutative, quadratic Oi<--order and let 7^ C 21 be an order of full rank. As- 

sume that there exists an embedding of 51 into TZ. We describe a number of criteria which 
imply that every order in the genus of TZ admits an embedding of Q. In the case that the 
relative discriminant ideal of n is coprime to the level of TZ and the level of TZ is coprime to 
r I ', the discriminant of 21, we give necessary and sufficient conditions for an order in the genus 

of TZ to admit an embedding of 57. We explicitly parameterize the isomorphism classes of 
orders in the genus of TZ which admit an embedding of 57. In particular, we show that the 
rS^ ■ proportion of the genus of TZ admitting an embedding of fl is either 0, 1/2 or 1. Analogous 

j^ , statements are proven for optimal embeddings. 



>; 1. Introduction 

fr^ ■ The study of non- commutative algebras has a long and rich history with applications in 

*^ I class field theory, modular forms and geometry. One of the high points of this history came in 

IQ I 1932, when much of the field's foundational work was being done, with the publication of the 

Brauer-Hasse-Noether Theorem. Although his name did not appear on the publication, many 
of the results contained in the Brauer-Hasse-Noether theorem were proven independently by 
Adrian Albert in 1931. We are interested in the quaternionic version of their theorem: 

^ ■ Theorem 1.1 (Albert-Brauer-Hasse-Noether). Let 01 be a quaternion algebra over a number 

field K and let L be a quadratic field extension of K. Then there is an embedding of L into 
21 if and only if no prime of K which ramifies in 21 splits in L. 

In this paper we consider an integral refinement of the Albert-Brauer-Hasse-Noether theo- 
rem. Let 2t be a quaternion algebra defined over a number field K which satisfies the Eichler 
condition; that is, there exists an archimedean prime of K which does not ramify in 21. Let 
L be a quadratic field extension of K and Q a quadratic order of L. Finally, let 7?. C 21 be an 
OK-oidei of full rank. We are interested in the question of when there exists an embedding 
of Q into TZ. 

Chinburg and Friedman considered a special case of this question in their paper P], where 
they determined the maximal orders into which Q can be embedded. We now state a sim- 
plified version of their main theorem (see |1] for notation): 

1 
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Theorem 1.2 (Chinburg- Friedman). Let L he a quadratic field extension of K which embeds 
into the quaternion algebra 21, and assume that 21 satisfies the Eichler condition. Then a 
quadratic Ox-order Q G L can be embedded into either all of the maximal Ox-orders 2^ C 21, 
or into all those belonging to exactly half of the isomorphism types of maximal Ox-orders in 
21. In the latter case the maximal orders admitting an embedding of Q may be described as 
follows. IfTZ and S are maximal orders and TZ admits an embedding ofVt, then S admits an 
embedding of Vt if and only if the image by the reciprocity map Frob^/x of the distance ideal 
p{TZ,S) is the trivial element of Gal{L/K). 

Theorem 11.21 is especiaUy significant because of its apphcations, particularly its applica- 
tions to differential geometry. As our results will have similar applications, we give a brief 
sketch of the relevant construction. Suppose that K ^ Qis totally real and that 21 is unram- 
ified at a unique real place of K. Let T^i, TZ2 be two orders of 21 which lie in the same genus 
(i.e. have locally isomorphic completions at all finite primes of K) but represent distinct 
isomorphism classes. Vigneras [lO] used 7?.i and 7^.2 to construct compact, non-isometric 
hyperbolic 2- manifolds Mi and M2. Further, she showed that Mi and M2 are isospectral 
(have the same spectra with respect to the Laplace-Beltrami operator) if there did not exist 
a quadratic C^^-order fl which could be embedded into exactly one of the 7^,. When T^i and 
7^2 are taken to be maximal orders. Theorem 11.21 can be used to determine necessary and 
sufficient conditions for Mi and M2 to be isospectral. 

Chinburg and Friedman's theorem was later generalized to Eichler orders independently 
by Guo and Qin [5] and Chan and Xu [2] . It is interesting to note that whereas Guo and Qin 
make use of tree-theoretic techniques (as Chinburg and Friedman did) in their generalization, 
Chan and Xu instead use the representation theory of spinor genera. 

In this paper we obtain a number of generalizations of Chinburg and Friedman's theorem. 
Central to our arguments will be the class field K(JV) associated to the order TZ (defined in 
Section [3] immediately after the proof of Theorem 13.31) . The class field K{TZ) is an abelian 
extension of K whose degree is the number of isomorphism classes in the genus of 7?., whose 
Galois group is of exponent 2 and whose conductor is divisible only by the prime divisors of 
the level ideal A^t^ of TZ (defined in Section [2]); that is, the primes u oi K for which TZ,y is not 
maximal. 

In Section 15.11 we consider arbitrary orders 7^ C 21 and describe a number of criteria 
which, if satisfied, imply that every order in the genus of 7^ admits an embedding of a given 
commutative, quadratic Oi^-order Q. The main result of the section is 

Theorem 1.3. Let L be a maximal subfield oftAjVtdLa quadratic Ox-order and assume 
that an embedding of Vt into TZ exists. 

(1) If L (t K(7Z), then every order in the genus ofTZ admits an embedding ofVt. 

(2) If L C K(JZ), then the proportion of isomorphism classes in the genus of TZ whose 
representatives admit an embedding of Q is at least 1/2. 
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An easy consequence of Theorem 11.31 is that if Q embeds into an order TZ, then every rep- 
resentative of at least half of the isomorphism classes in the genus of 7^ admits an embedding 
of Q. Another consequence is that if any prime of K which does not divide the level ideal 
N-ji ramifies in L then every order in the genus of TZ admits an embedding of Q. This is 
especially nice in applications because in practice the computation of K{TZ) can be quite 
difficult. In a future publication we will apply Theorem 11.31 in order to construct isospectral 
towers of hyperbolic manifolds; that is, pairs of infinite towers {Mi}, {Ni} of finite covers 
of hyperbolic manifolds M and A^ such that the covers Mj and Nj are isospectral, but not 
isometric for every j. 

In Section [5^ we constrain slightly the class of orders 7^ C 21 that we consider and provide 
necessary and sufficient conditions for an order Q to embed into some, but not all, orders in 
the genus of TZ. The main result of Section 15.21 is: 

Theorem 1.4. Assume that an embedding of Q into TZ exists. Assume as well that the 
relative discriminant ideal d^/OK ^/^ ^■^ coprime to the level ideal N-ji ofTZ and that the set 
of primes dividing N-ji is disjoint from the set of primes ramifying in 21. Then every order 
in the genus of TZ admits an embedding of Vt except when the following conditions hold: 

(1) VL is an integral domain whose quotient field L is a quadratic field extension of K 
which is contained in 2t. 

(2) There is a containment of fields L C K{7Z). 

(3) All primes of K which divide the relative discriminant ideal d^/o^, ofQ split in L/K. 

Suppose now that (1) - (3) hold. Then the isomorphism classes in the genus of TZ whose 
representatives admit an embedding of Vt comprise exactly half of the isomorphism classes. 
If TZ admits an embedding of VL and £ is another order in the genus of TZ, then £ admits an 
embedding of Q if and only ifFTohi^/j<i{p{TZ,£)) is the trivial element of Gal{L/ K). 

The proof of Theorem 11.41 makes extensive use of the tree of maximal orders of M2{k) (for 
k a local field), allowing us to parameterize explicitly the orders in the genus of TZ admitting 
an embedding of fi, explicit enough to specify them via the local-global correspondence. 

In Section |6] we consider the related question of when there exists an optimal embedding 
of VL into TZ. Maclachlan [8] considered Eichler orders of square-free level and proved that 
the proportion of isomorphism classes of orders in the genus of TZ admitting an optimal 
embedding of Vt is equal to 0, | or 1. We show that Theorems 11.31 and 11.41 hold not only 
for embeddings but for optimal embeddings as well. These theorems are of independent 
interest however, in part because of the ubiquity of optimal embeddings in number theory. 
For example, optimal embeddings play an important role in Hijikata's [6] formula for the 
trace of Hecke operators acting on spaces of 7^^-automorphic cusp forms. 

It is a pleasure to thank Tom Shemanske, my advisor, for his encouragement and for 
patiently reading and commenting on drafts of this paper. I would also like to thank Ted 
Chinburg for useful conversations regarding the proof of Theorem 3.3 of [4]. 
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2. Notation 

In this section we fix the notation concerning quaternion algebras and their orders that 
will be used throughout this paper. 

Let K he a. number field with ring of integers Ok- Let 21 be a quaternion algebra over K 
with reduced norm n. We denote by K^, the completion of -ft' at a prime u of K. If z/ is a 
non-archimedean prime, we let Ok^ be the valuation ring of K,y and 71,^ a fixed uniformizer. 
When there will be no confusion we will write Oi, in place of Ok^- We denote by 01,^ the 
i^j^-algebra 21 (8>x K^, and by 21^ (resp. ^l) the elements of 21 (resp. 2li,) having reduced 
norm equal to 1. We let Jk denote the idele group of K and J^ the idele group of 21. 

Given an Oi^-order 7?. C 21 (having maximal rank) and a prime z/ of K, we define the 
completions TZ^ C 21^ by: 

^ _ J TZ ®Ok ^y if ^ is non-archimedean, 



^^ ^ TZ ®Ok ^y = 2ty if '^ is archimedean. 

For almost all finite primes z/ of K, 21,^ = M2(-ft'^) and TZi^ = M2(Ov), so we will identify 21,^ 
with M2{K^). Define the normalizer of U^ in 21^ to be iV(7^^) = {x G 21^ : xU^x-^ = 7^^}. 
This normalizer, along with its image under the reduced norm, is central to determining 
whether the class field associated to 7^ admits finite ramification. We therefore note that 
whenever z/ is a finite prime of K which is unramified in 21 and 7^,^ is a maximal order of 21^, 
its normalizer is conjugate to GL2{Oi,)K^ and hence, n{N(Jly)) = O^K^ . 

We define the level ideal N-ji of IZ to be the order-ideal [9[ p. 49] of the C^-module M./71, 
where M. is any maximal order of 21 containing TZ. This definition is independent of the 
choice of maximal order M. . 

3. The class field associated to an order 

Let 21 be a quaternion algebra over a number field K satisfying the Eichler condition; that 
is, there exists an archimedean prime of K which splits in 21. The reason for this assumption, 
as will soon be made clear, is that it is only in this context that the Strong Approximation 
theorem may be applied. 

We say that two orders 7Zi and IZ2 are of the same genus if IZi^ is O^-isomorphic to 7^2^ 
for all finite primes z/ of K. The type number t{7Z) of an order TZ is defined to be the number 
of isomorphism classes of orders in the genus of TZ. 

Example 3.1. Let A^ C 21 be a maximal order (of full rank). For every finite prime u of K, 
A1,y is a maximal order of 01^. If z/ is a finite prime splitting in 21, then it is well known that 
every maximal order of 21,^ is conjugate to A^j,. If z/ is a finite prime ramifying in 21, then 
A^jy is the unique maximal order of 01^. It follows that the collection of all maximal orders 
of 21 comprise the genus of Al. 
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Example 3.2. Let £^ C 21 be an Eichler order of level 9T (where DT is coprime to the discrimi- 
nant of 21). Recall that this means that S is an order of 2t (of full rank) with the property 
that £i, is maximal if u ramifies in 21, and if z/ splits in 21 then £^ is conjugate to 

a a 

It follows that the genus of S is the collection of all Eichler orders of level 9T. 

Let 7^ C 21 be an order (of maximal rank) . The isomorphism classes of orders in the genus 
of TZ are in one-to-one correspondence with points in the double coset space 2t^\J2i/0T(7^), 
where DT(7^) = J21 fl YIu-^C^j^)- "^^^^ bijection is induced by the map sending an order £ 
belonging to the genus of 71 to the double coset ^^X£^(7t), where X£ = {x£^) is an element 
of Ja such that xs^EuX'^^ = 7^^ for all v. 

Theorem 3.3. The reduced norm induces a bijection of sets 

n : 2l^\J2l/a^(7^) — > is:^\J^/r^(9^(7^)). 

Proof. The induced map is defined in the obvious way: n(2l^aOT(7^)) = K^n{a)n{''yi(7l)). 

We first show that n is surjective. Let f3 & Jk- We may assume, by the weak approximation 
theorem, that (3^ > for every infinite prime z/ ramifying in 21. The reduced norm is locally 
surjective at all finite primes and at the infinite primes not ramifying in 21. At the infinite 
primes ramifying in 21 the image of the reduced norm consists of the non-negative reals. We 
construct an idele a G J<^ such that n(2l^aDl(7^)) = K^l3n{^(7l)). For all but finitely many 
non-archimedean primes u of K, (3^ G O^ and TZy = M2(Cy). For each such prime z/, let a^ 
be the conjugate of the diagonal matrix diag(/3;^, 1) lying in TZ^. For the other primes, define 
ay to be any element in the preimage of (3^. The constructed element a = {ay)i, is easily 
seen to lie in J^ and establishes surjectivity. 

We now show that n is injective. Denote by J^ the kernel of the reduced norm map 
n : Ja — )■ Jk- We show that ^^ J^'^IKJI) is the preimage of K^ni^iTl)). It is obvious 
that ^^J^'OliTl) is contained in the preimage. Let 7 G J^ be such that ra(2l^79T(7?.)) = 
K^n{''Jl{TZ)). Then n{'y) = k ■ n{r) where k G K^ and f G 91(7^). If u is an infinite 
prime ramifying in 21 then n{'-fy),n{ry) > 0. Thus k^ > as well. The Hasse-Schilling- 
Maass theorem (Theorem 33.15 of [9]) implies that there exists b G 21^ such that n{b) = k 
and 71(7) = n{b)n{r), hence n{b~^)n{'y)n{r^^) = (1) G Jk- This shows that 2l^79T(7^) = 
21x^-1 ~~-ify^(7^) G 2t^4DT(7^) as claimed. 

We now continue with our proof of injectivity. Suppose that there exist a, (3 E J% such 
that n(2l^aDT(7^)) = n(2t^/30I(7^)). Then n{a-^P) G K''n{m{n)) and by the above claim 
a~^l3 G 21^ Ji^ 91(7^). Making use of the fact that 'Qi^ J^ is a normal subgroup of J21, we see 
that /3 G a2tV5j^OI(7^) = 2l^4aaT(7^). 

Let S be the set of archimedean places of K and define 2lg = Hi/gs ^l^- Recall the Strong 
Approximation theorem ([Til Theorem 4.3]): If 21^ is not compact, then 21^21^ is dense in 
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J^. Recalling that 'Oil is compact if and only if z/ ramifies in 21, our assumption that 21 satisfy 
the Eichler condition implies that there exists an archimedean prime u oi K such that 2lJ, 
is not compact. It follows that 21^ is not compact. For any 7 G Ja, 7D^(7?.)7~^ contains a 
neighborhood of the identity and is therefore an open subgroup of Jg containing 21^, hence 
J^ C 2l^701(7?.)7~^. Choosing 7 = a, we have 

/3 G 2lV^a91(7^) C 2l^aaI(7^). 

Therefore 21^/391(7^) C 2t^aD^(7?.), and by symmetry, we have equality. D 

We have shown that the isomorphism classes comprising the genus of a fixed order 7^ C 21 
are in one-to-one correspondence with the double cosets of the group K'^\J k / n{^{lZ)) . Set 
Hn = ir>^n(0T(7^)) and G^ = Jr/Hk- As Jk is abelian, G^ ^ K''\JK/n{m{n)). Since 
H-n is an open subgroup of Jk, associated to it is a class field K{TZ) whose arithmetic is 
intimately related to the arithmetic of TZ in 21. The basic properties of K{TZ) are given by 
the standard theorems of class field theory (see for example Chapter 11 of |7j). In particular, 
we note that the conductor of K{TZ) is divisible only by prime divisors of the level ideal A^t^ 
of7^. 

We now prove that G-n can be generated by elements having a very simple form and that 
in fact, G-ji is an elementary abelian group of exponent 2. 

Lemma 3.4. G-n is generated by cosets having representatives of the form 

Cy. = (1, ..., 1, TT,^., 1, ...). If S is any finite set of primes of K , then the representatives {e^^} 

can be taken so that Vi ^ S for all i. 

Proof. The Chebotarev Density Theorem guarantees that every element of Gs\{K{TZ)/ K) 
has infinitely many prime ideals in its preimage under the Artin map. As these prime ideals 
correspond to ideles of the form (1, 1, ..., 1, vr,^^, 1, ...), Gji can be generated by cosets having 
representatives of the form e^.. Only finitely many primes of K lie in 5* and a given element 
of G-ji has infinitely many prime ideals in its preimage, so each z/j can be chosen so that 

Proposition 3.5. The group G-ji is an elementary abelian group of exponent 2. 

Proof. This is clear since J|- C n{^(TZ)). D 

Given orders V^ £ in the genus of 7^, we define the distance p(T>, £) as follows. Let x©, xe 
be defined as in the paragraph preceding Theorem 13.31 We define p{V, £) to be the coset 
n{x^^xe)HTi in G-n- By Proposition 13.51 this is the same coset as n{xTiX£)H'ji. It is not 
difficult to see that our definition of p(— , — ) is well-defined. Indeed, let £^,5;^ be another 
pair of ideles such that x'j)^Vty{x'-i,J~^ = 71^ = x'^^£v{x'^J)~^ for all z/. It is clear from 
Theorem 13.31 and the paragraph preceding it that this implies 2l^xx)9T(7?.) = 21^x^91(7^) 
and 2t^X£-D^(7^) = 21^x^91(7?.), hence n{xvX£)H'ii = n{x'^x'g)Hii. Similar arguments show 
that the following elementary properties are satisfied. 
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Proposition 3.6. Let V,£,S' lie in the genus ofTZ. 

(1) p{V,£) = p{£,V) 

(2) p{T>, £) is trivial if and only ifV = £ 

(3) If£ = £' then p{V,£) = p{V,£') 

Let L be a quadratic field extension of K. We liave sliown tliat G-ji is an elementary 
abelian group of exponent 2 with generators e^ = Ci^.H-ji. We now show that the generators 
{e^} can be chosen so that the primes Ui have certain splitting properties in L/K. 

Lemma 3.7. Let notation be as above. 

(1) If L (^ K{TZ), then G-ji is generated by elements {e^.} where Vi splits in L for all i. 

(2) If L C K(7t), then G-jz is generated by elements {e^,;} where Vi splits in L for all 
i > 1, and Vi is inert in L. 

Proof. We first suppose that L ^ K{TV). By the Chebotarev density theorem we may 
generate Gdl{K{TZ)L/L) with the Frobenius elements associated to primes of L having degree 
one over K (since the set of primes of L with degree greater than one over K has density zero) . 
As Ga\{K(jV)L/ L) is isomorphic to Ga\.{K{TZ)/K) via restriction to K(Jl), we may generate 
the latter group with Frobenius elements associated to primes of K splitting completely in 
L/K. These automorphisms correspond, via the Artin map, to the generators {e^}"Li of 
G-n. We have therefore proven the first assertion. 

Suppose now that L C K{IZ). Let A be a prime of K which is inert in the extension 
L/K and set z/i = A. Indeed, viewing Gal{K(7t)/L) as a subgroup of Gal{K(Jl)/K), 
consider the set {{X,K{TZ)/K), {{iyj,K{TZ)/K)Y'Jl2} where {(z/^-, /s:(7^)/K)}f^2 is an m - 1 
element generating set of Gal{K(Jl)/L). We claim that this set generates Gal{K(7t)/K). 
As Gal{K(7l)/K) and Gal{K (71) / L) are elementary abelian groups of exponent 2, they 
are F2-vector spaces. The set {{h'j,K(7t)/K)}^^2 is therefore a basis of Gal{K(IZ)/L), 
hence linearly independent. To show that {{\,K(7V)/K),{{h'j,K{7t)/K)}Y=2} is a basis 
for Gal{K{TZ)/K), it suffices to show that {X,K{IZ)/K) is not an F2-linear combination of 
elements of {{uj, K (TZ) / K)}J^2- But this is clear as all of the elements of {{uj, K{Tl)/K)}^^2 
restrict to the trivial element of Gal(L/i^) while {X,K(JZ)/K) does not. D 

4. Parameterizing the genus of 7^ 

Let {e^J™i C Jk be such that {e;7AT=i generate Gn = J k / K"" n{^{{n)) ^ (Z/2Z)'". By 
Lemma 13.41 one may choose this generating set so that each z/, is non-archimedean and split 
in 21 and so that TZ^- is maximal for 1 < i < m. Throughout the remainder of this paper 
we will only consider generating sets {e^}™ i of G-ji which satisfy these properties. For each 
1 < z < -m, let TZ'j^ be a maximal order of 2lj,- which is adjacent to TZ^^ in the tree of maximal 
orders of 2li,. = M2{Ky-). For the basic definitions and properties concerning the tree of 
maximal orders of M2{k) (for k a local field) we refer the reader to Section 2.2 of |llj . 
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Given 7 = (74) G (Z/2Z)™, we define the order D^ (via the local-global correspondence) 
as having the following local factors 

{TZy^ \{v = Vi and 7, = 
TZ'^^ a u = Ui and 7^ = 1 
Tl,y otherwise. 

We will show that the set {T>^}-y(z(z/2Z)'^ consists of representatives of all 2"^ isomorphism 
classes in the genus of TZ. We therefore call {'D'^}'y(z(z/2Z)"^ a parameterization of the genus 
of TZ. Note that by construction, if 7 = (0, 0, ...), V^' is TZ. 

Proposition 4.1. Let notation be as above. The orders 0/ {^^}7e(z/2Z)™ ore pairwise non- 
isomorphic and represent all isomorphism classes of the genus ofTZ. In particular, T>"' = V^ 
if and only if '-/ = 7' . 

Proof. It follows from [11, Section 2.2] that if 1 < i < m and x G 21^. is such that 
xTZl.x~^ = IZi,^ then cn-dy^{n{x)) = 1 (mod 2). Using this, it is easy to see that p{V^,V'^ ) = 

n,=ie.;r^'' ^"""^^^ By Proposition EH V^ = V^' if and only if p{V^,V^') is trivial. As 
there are 2™ non-isomorphic orders V^ and 2™ isomorphism classes in the genus of TZ, the 
proposition follows. D 

5. Selectivity 

Let f2 be a commutative, quadratic O^-order and assume that an embedding of ^2 into 
TZ exists. We are interested in determining the proportion of isomorphism classes in the 
genus of 7^ whose representatives admit an embedding of Q. As in |1], we shall say that Q 
is selective for the genus of 7?. if 1] does not embed into every order in the genus of 7^. 

Remark 5.1. Suppose that S is an order in the genus of 7^, Q is an integral domain and if 
is an embedding of Q into S. Then ip extends to an embedding of the quotient field of Q 
into 21. Such an embedding is, by the Skolem-Noether theorem, given by conjugation by an 
element of 21^. Thus an order S in the genus of 7^ admits an embedding of Q if and only if 
it contains a conjugate of Q. 

5.1. Obstructions to selectivity. In this section we describe several easy to check criteria 
that, if satisfied, preclude the possibility of selectivity. In order to show that in these cases 
fl can be embedded into every order in the genus of TZ, we employ the following strategy. 

Let {e,y.}™]^ C Jk be such that {e^} generate G-n = Jk/K^ ■n{^{TZ)). Note that by 
Lemma 13.41 we may assume that each Vi is non-archimedean, that no z/j ramifies in 21 and 
that TZy^ is maximal for all i. For each vi, we will construct two distinct local maximal orders 
T>l,^ and P^. which both contain VL (that is, Vt C T>u^ ^T)'u for ^H ^i) ^i^nd are adjacent in the 
tree of maximal orders of 2tj^^ = M2{Ki,.). By hypothesis TZ also contains Q. Then for each 
7 G (Z/2Z)™, let V'^ be the global order defined by the local factors 



SELECTIVITY IN QUATERNION ALGEBRAS 9 

{V^^ a u = Ui and 7i = 
Vl^ ifz/ = z/, and7. = 1 
Tl,y otherwise. 

As Q is contained in every completion of V^ (for each 7 G (Z/2Z)'"), f2 is contained in V^ 
as well. These 2™^ orders represent all isomorphism classes of orders in the genus of TZ and 
each contains a conjugate of Q. Hence Q can be embedded into all orders in the genus of TZ. 

Remark 5.2. The strategy outlined above was used in [1] by Chinburg and Friedman in order 
to prove the theorem in the case that TZ was a maximal order. The same strategy was used 
by Guo and Qin in [5] to extend the theorem to Eichler orders of arbitrary level. 

Proposition 5.3. IfQ is not an integral domain then every order in the genus of TZ admits 
an embedding ofVt. 

Proof. If VL is not an integral domain then 21 = M2{K) and Vt is conjugate to a subring of 
^o = {fn ?l:a,6e0;,} or ^J = {{l ^}i : a ^ OK^h e J} 



for J a fractional ideal of K. 

We may, without loss of generality, assume that fi C f2o or fi C VLj. 

If f2 C i^o, set 

\iVL dVtj for a fractional ideal J of /r, set 

In both cases V,y is conjugate to "D' by I „ I and il C V,y H "D' . As this holds 

for all i and fi C 1?,^ for all v ^ Vi for any i by definition of "D, we have, for every 7, 
fi C n,y(2l n PJ) = 2^'''. Thus fi can be embedded into representatives of every isomorphism 
class in the genus of TZ. D 

In light of Proposition l5.3l we henceforth assume that f] is an integral domain with quotient 
field L. 

Proposition 5.4. If L (^ KijV), then every order in the genus oflZ admits an embedding 
ofQ. 
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Proof. By Lemma 13171 we can choose primes z/j of K which spht in L such that {e^} generate 
G-n. Let X = Ui for some i. As A sphts in L/K, 2tA must be spht (this is immediate from the 
Albert-Brauer-Hasse-Noether Theorem), so there is a i^^ "isomorphism fx '■ 21a — > M2{Kx) 
such that 



by Lemma 2.2 of \T\. Then 



/.(.) c (-^ I 



hm c MO,) c (o-^ ^"^J 



Choose Pa and P^ so that 

^'-^' \Ok, OkJ>' ^'-^' \rrxOK, Ok, 

As A ranges over all z/,, we see that Q C V^. fl Vl_ for all z. By the strategy outlined in 
the beginning of this section, Q can be embedded into representatives of every isomorphism 
class in the genus of TZ. D 

Recalling that the conductor of K{TZ) is divisible only by the prime divisors of the level 
ideal A^t^ of TZ, we have the following immediate corollary to Proposition 15.41 

Corollary 5.5. If any finite prime of K not dividing N-ji ramifies in L, then every order in 
the genus ofTZ admits an embedding ofQ. 

That Corollary 15.51 allows one to preclude the possibility of selectivity without computing 
the classfield K{TZ)/K is especially nice, as in practice such a computation may be quite 
difficult. 

Having dealt with the case that L (f_ K{TZ), we now suppose that L C K{TZ). 

Proposition 5.6. If L C K{TZ), then the proportion of isomorphism classes in the genus of 
IZ whose representatives admit an embedding of Q is at least 1/2. 

Proof. Identify ^2 with its image in 7^ so that Q G TZ. We may choose, by Lemma 13. 7^ a 
generating set {e^}™^;^ of G-ji for which z/i is inert in L/K, and Ui splits in L/K whenever 
i > 1. Let {V^} be a parameterization of the genus of TZ associated to this generating set. 
The proof of Proposition 15.41 shows that the parameterization {V^} can be constructed so 
that for all 7, Q is contained in PJ whenever i > 1. As the set of orders {V^ : V2^ = IZ^^} 
represent half of the isomorphism classes in the genus of TZ and each of these orders contains 
Q, we're done. D 

We summarize Propositions 15.41 and 15.61 as a theorem. 
Theorem 5.7. Assume that an embedding of Q into TZ exists. 

(1) If L (/l K{TZ), then every order in the genus of TZ admits an embedding ofQ. 
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(2) If L C K{1Z), then the proportion of isomorphism classes in the genus of TZ whose 
representatives admit an embedding of Q is at least 1/2. 

5.2. A selectivity theorem. In this section we constrain slightly the class of orders TZ C 
21 that we consider and provide necessary and sufficient conditions for an order Q to be 
selective for the genus of TZ. In the case that Q is selective for the genus of 7^, we shall see 
that representatives of exactly 1/2 of the isomorphism classes of the genus of 7?. admit an 
embedding of Q. The constraints which we shall impose on 7^ are the following: 

(5.1) The relative discriminant ideal d^/OK of ^ is coprime to the level ideal A^t^ of 7?.. 

(5.2) The set of primes dividing N-n is disjoint from the set of primes ramifying in 21. 

Theorem 5.8. Assume that an embedding ofQ into TZ exists. Then every order in the genus 
of TZ admits an embedding of Vt except when the following conditions hold: 

(1) VL is an integral domain whose quotient field L is a quadratic field extension of K 
which is contained in 2t. 

(2) There is a containment of fields L C K{TZ). 

(3) All primes of K which divide the relative discriminant ideal d^/Oj^ ofQ split in L/K. 

Suppose now that (1) - (3) hold. Then the isomorphism classes in the genus of TZ whose 
representatives admit an embedding of Vt comprise exactly half of the isomorphism classes. 
If TZ admits an embedding of Vt and £ is another order in the genus of TZ, then £ admits an 
embedding of Q if and only ifFTohi^/K{p{TZ,£)) is the trivial element of Gal{L/ K). 

Remark 5.9. Although our condition (2) is not the same as that which appears in [21 HJ [5], 
it is equivalent whenever TZ is an Eichler order. Indeed, this equivalence plays an important 
role in the proofs of the aforementioned theorems. 

Example 5.10. Let i^ be a number field and 21 be a quaternion algebra over K which satisfies 
the Eichler condition and has no finite ramification. Let L be a maximal subfield of 21 and 
Vt = Ol- If TZ is any quaternion order in 21 containing VL for which assumption 05. ip 
holds, then by Theorem 15. 8[ the proportion of isomorphism classes in the genus of TZ whose 
representatives admit an embedding of Vt is [K{TZ) fl L : K]~^. This generalizes the n = 2 
case of a theorem of Chevalley f3], who showed that if L is a maximal subfield of Mn{K) 
then the ratio of the isomorphism classes of maximal orders of Mn{K) into which Ol can be 
embedded to the total number of isomorphism classes of maximal orders is [Hk (^ L : K]~^, 
where Hk is the Hilbert class field of K. 

We prove Theorem 15.81 as a series of propositions. We have seen in Propositions 15.31 and 15.41 
that if either (1) or (2) fail to hold then every order in the genus of 7^ admits an embedding 
of TZ. We henceforth assume that conditions (1) and (2) hold. 

Proposition 5.11. Both L/K and 21 are unramified at all finite primes of K and ramify at 
the same (possibly empty) set of real primes. 
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Proof. If a finite prime u oi K ramifies in 21 then by assumption (15. 2p . TZ,y must be maximal, 
hence n{N{TZ^)) = K^ . It follows that v splits completely in K{TZ) and thus in L/K as 
well. As L embeds into 21 we obtain a contradiction to the Albert-Brauer-Hasse-Noether 
theorem. If z/ is a finite prime of K which ramifies in L/K then z/ ramifies in K{TZ)/K 
and thus divides the level ideal Nti. As u also divides dfi/On ^^ have a contradiction to 
assumption (15. ip . That L/K is ramified at every real prime which ramifies in 21 follows from 
the Albert-Brauer-Hasse-Noether theorem. If i/ is a real prime of K which is unramified in 
21 then n{N{lZ^)) = M^, hence u splits completely in K{1Z)/K and thus in L/K as well. D 

Remark 5.12. That L/K and 21 are unramified at all finite primes and ramify at exactly the 
same set of real primes appeared as condition (2) in [H |5] and may very well be a necessary 
condition for selectivity to occur at all in 21. 

Proposition 5.13. If condition (3) does not hold, then every order in the genus ofTZ admits 
an embedding ofQ. 

Proof. If condition (3) does not hold, there exists a finite prime A of K with A | d^/Oj^ and 
which does not split in L/K. By Proposition I5.1H A is unramified in L/K., so A is inert in 
L. By assumption (15. ip . {d^/Ojf, N-ji) = 1 and since A | d^/OK^ ^^ have A f A^t^ which implies 
that 7?.A is maximal. Finally, since A is finite. Proposition 15.111 implies that 21a — M2{Kx). 

Because condition (2) holds, L C K{7V) and by Lemma 1X71 we may choose z/2, ..., z/^ such 
that {ca, e^, .., e^} generate G-^j, where z/j splits in L/K for i = 2, ..,m. We also assume 
that the z/j are chosen so that 7?.i,. is maximal for all i. As the z/j all split in L, for each i we 
may pick two adjacent maximal orders of 21^/ containing Q (as in the proof of Proposition 

[52D. 

Since L\/K\ is a quadratic unramified extension and A divides dQ/o^j ^ C fl ®Ok ^Kx C 
^Kx + T^x^Lx- Let Vx be some maximal order of 21a containing O^^ and consequently, Vt. 

(O O \ 
/n ^ /o ^ I ■ Now 
Ukx ^KxJ 

.J^ \^ ^ ). It is clear that tta^^a C V^ (viewed 

as C/i'^-modules), so ttxOlx C Vy Then Q C Vy 

Hence Q C V,^nVl for all z/ G {A, z/2, .., Um} and thus can be embedded into representatives 
of every isomorphism class in the genus of TZ. D 

We now assume that conditions (1) - (3) hold. 

Proposition 5.14. Let notation be as above and suppose that conditions (1) - (3) hold. 
Then the orders in the genus ofTZ admitting an embedding ofQ represent exactly half of the 
isomorphism classes. If £ is another order in the genus ofTZ , then £ admits an embedding 
of Q if and only ifFTohi^/K{p{IZ,£)) is the trivial element of Gal{L/K). 
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Proof. By assumption, Q is contained in TZ. Let S be an order in the genus of TZ. We may 
choose, by Lemma 13.7^ a generating set {e^}^i of G-ji for which z/i is inert in L/K, and z/j 
sphts in L/K whenever i > 1. Let {V^} be the parameterization of the genus of TZ associated 
to this generating set. As the {V^} span the isomorphism classes in the genus of TZ, there 
exists a 7 such that £ = V"' . Then £ contains a conjugate of VL if and only if V^ contains a 
conjugate of fi, so we may suppose without loss of generality that £ = V^. 

The proof of Proposition 15.41 shows that the parameterization {V^} can be constructed 
so that for all 7, fl is contained in V^. whenever i > 1. Suppose that Frohi^/KipiJZyV^)) is 
trivial in Gal{L/K). Since piJZ.V'^) = YliLi'^^^ this implies that FrobL/K(e^^) is trivial 
(as i>i splits in L/K whenever z > 1). As FrobL/K(eI^) is the non-trivial element of Gal(L/i^), 
we deduce that 71 = 0. Therefore Q C PJ^ and Q C PJ for all primes z/ of K, hence Q C V^. 

In order to prove the converse we will need a lemma. 

Lemma 5.15. If u is a finite prime of K which is inert in L, then Ol^ is contained in a 
unique maximal order ofQi^. 

Proof. By Proposition 15. 11[ v is unramified in 21 so that we may identify 21,^ with M2{K^). 
Suppose that O^^ is contained in distinct maximal orders A^i, A^2 of 2ti,. All of the maximal 
orders of M2{Ki,) are conjugate, so there exists an element x e 21^ such that A^2 = xj^ix"^. 
Because z/ is inert in L/K we may write Ol^ = Ox^la] for some a G O^ ■ Because a G 
A^f n A^2 ? conjugation by a fixes both A^i and A^2 and hence every vertex in the unique 
path joining A4i and A^2 in the tree of maximal orders of 21,^. Thus a fixes an edge in the 
tree of maximal orders of 21^. But this contradicts Lemma 2.2 of ^, proving the lemma. D 

We now continue the proof of Proposition 15.141 and suppose now that £ contains a con- 
jugate of Q but FrobL/K(p('^5'^)) is not trivial. By conjugating £ we may assume that fl 
is contained in £, as FrobL/K(p('7^, ^)) is unchanged if £ is replaced with a conjugate order 
(by Proposition 13. 6p . We claim that there is a finite prime u which is inert in L/K and for 
which TZu and £u are not equal. Suppose to the contrary that £^ = 7Z^ for all primes /i that 
are inert in L/K. Let y = ys E J21 be such that £x = yxTZxyx^ for all primes A of K. By 
hypothesis we may take y^ = 1 for all primes /i which are inert in L/K. We may also take 
y^ = 1 for all archimedean primes /i of K. Consider the element p{TZ,£) = n{y)Hfi of G-n. 
Its image under FrobL/K is clearly trivial since n{y^) = 1 whenever p is inert in L/K (here 
we have used the fact that by Proposition 15. IH L/K is unramified at all finite primes). This 
contradicts our assumption that FrobL/K (p(^)^)) be non-trivial and proves our claim. 

Let u he a finite prime which is inert in L/K and such that TZ^, 7^ £u. By Proposition 
15.111 z/ is unramified in 21. Because condition (3) holds, fli, = Ol^. Locally we see that 
Vty C IZy C J^u for some maximal order Jvly of 2li,. Writing £y = yyTZ^y^^, we have 
Vty <Z £y C. yyM.yy~^. By Lemma r5.15[ M.y = yyM.yy:j^^ so that Jvly is fixed by y^. An 
element of %y whose reduced norm has odd valuation fixes no maximal order, so it must be 
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the case that OTd,y{n{y,y)) is even. If this holds for every inert prime u for which TZ^ ^ S,y, 
then FrobL/K(p('^5'^)) would be trivial. This contradiction finishes the proof. D 

6. An Optimal Embedding Theorem 

Let Q be an integral domain whose quotient field L is a quadratic extension of K. Recall 
that an embedding a : L — > 21 is an optimal embedding of Q into 7?. if (j{L) n 7^ = cr(r2). 
Given a finite prime u oi K and an embedding a : L — y 21, extension of scalars yields an 
embedding a,y : L,y — > Qi^. The following lemma makes clear the relationship between the 
optimality of an embedding a and the optimality of the induced embeddings {cTu}, where z/ 
ranges over the finite primes of K. 

Lemma 6.1. Let notation be as above. Then a is an optimal embedding of Q into TZ if and 
only if for every finite prime v of K, a^, is an optimal embedding of Vty into IZ^ 



"V ■ 



Proof. Identify L and Q with their images in 21 under a. We must show that L H TZ = 
Q if and only if L^, fl TZ^, = Q^, for all z/ < oo. This follows from the Corollary on page 85 of 
[12j . which implies that {L fl 7Z)i, = Lj, n TZ^, for all finite primes u oi K. D 

All of the results in Section [5] hold for optimal embeddings as well. We begin by proving 
a few general results in which there are no restrictions on the orders Q or TZ. Assume there 
is an optimal embedding a oi Q into TZ. 

Proposition 6.2. If L (/L K{7Z), then every order in the genus of TZ admits an optimal 
embedding of Q. 

Proof, li L (t K(JZ), we may choose a generating set {e^^}^i of G-ji such that both TZ,^. 
and Qui are maximal for all i. As in the proof of Proposition 15. 4[ we may construct a 
parameterization {V} of the genus of 7^ such that each "DJ. contains ai^X^uJ- However every 
embedding of a maximal quadratic order into a quaternion order is optimal. In particular, 
a,y. is an optimal embedding of Q^^ into PJ for all 7 and for i = 1, . . . ,m. As a is an optimal 
embedding of Q into TZ, Lemma [6.11 implies that a^, is an optimal embedding of Q^, into 7^,^ 
for all z/. As T>2 — "^u whenever u ^ {z^j}, we conclude from Lemma [6. II that a is an optimal 
embedding of Q into T)"^. D 

Proposition 6.3. If L G K{TZ), then the proportion of isomorphism classes in the genus of 
TZ whose representatives admit an optimal embedding of Q is at least 1/2. 

Proof. Let {T>^} be a parameterization of the genus of 7^ and let T>'^''' G {T>'^} contain a{Q) 
(i.e. a is an embedding of Q into T)'^"). We show that for every finite prime ly of K, (jy is an 
optimal embedding of VLy into T>1° ■ If i^ ^ {^i} then 7)J° = TZy and a^, is optimal by Lemma 
16.11 As f2j,- can be taken to be the maximal order of Lj,. (by suitably choosing the generators 
{cj^-} of Gti) and every embedding of a maximal quadratic order into a quaternion order is 
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optimal, we see that the embeddings {au^}^^ are optimal as well. By Lemma [6?T] a is an 
optimal embedding of Q into V^° , finishing our proof. D 

We now adopt the assumptions outlined in the beginning Section Isl and prove an analog 
of Theorem 15.81 for optimal embeddings. 

Theorem 6.4. Let notation be as above and suppose that assumptions Ii5. 1\) and / 1 5.^)) are 
satisfied. If an optimal embedding of Q into TZ exists then every order in the genus of TZ 
admits an optimal embedding of Q except when the following conditions hold: 

(1) We have a containment of fields L C K(JV). 

(2) All primes of K which divide the relative discriminant ideal d^/o^, ofQ split in L/K. 

Suppose now that (1) and (2) hold. Then the isomorphism classes in the genus oflZ whose 
representatives admit an optimal embedding of Vt comprise exactly half of the isomorphism 
classes. If IZ admits an optimal embedding of fl and £ is another order in the genus of 
TZ, then £ admits an optimal embedding of Q if and only if FTohi^/K{p{TZ,£)) is the trivial 
element of Gal{L/K). 

Proof. If condition (1) fails then Proposition 16.21 shows that every order in the genus of TZ 
admits an optimal embedding of Vt. 

If condition (1) is satisfied and condition (2) fails, then we may choose a generating set 
{e^-}™^ of G-ji such that both TZ^^ and Vt^^ are maximal for all i. The proof of Theorem 
15.81 again proceeds by constructing a parameterization {V^} of the genus of TZ such that for 
every i, o-iVty.) C TZy^ fl 7^'^,., where V^^ equals either TZy^ or 7^'^,., depending on the parity of 
7,. The argument used to prove Proposition 16.21 shows that a is an optimal embedding of Vt 
into every order in the genus of TZ. 

We now assume that (1) and (2) are both satisfied and show that the orders in the genus of 
TZ admitting an optimal embedding oiVt represent exactly one half of the isomorphism classes. 
Proposition 16.31 shows that the representatives of at least half of the isomorphism classes of 
orders in the genus of TZ admit an optimal embedding of Vt. By Theorem 15. 8 [ the orders £ in 
the genus of TZ admitting an embedding of Vt are precisely those for which Yiohi,/K{p{TZ, £)) 
is the trivial element of Gal{L/K) and represent exactly half of the isomorphism classes. An 
order in the genus of TZ cannot admit an optimal embedding of VL if it admits no embedding 
of fi, so the isomorphism classes whose representatives admit an optimal embedding of Vt 
are precisely those whose representatives admit an embedding of fi, finishing our proof. D 
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